The domination problem and its variants have been extensively studied in the literature. In this paper we investigate the domination problem in distance-hereditary graphs. In particular, we give a linear-time algorithm for the domination problem in distance-hereditary graphs by a labeling approach. We actually solve a more general problem, called the L-domination problem, which also includes the total domination problem as a special case. ?
Introduction
All graphs in this paper are ÿnite, undirected, without loops and multiple edges. The distance d G (u; v) between two vertices u and v of a connected graph G is the minimum length of a u-v path in G. A graph is distance-hereditary if each pair of vertices are equidistant in every connected induced subgraph containing them. Properties of and optimization problems in distance-hereditary graphs have been extensively studied during the past two decades. In this paper, we study the domination problem in distance-hereditary graphs. We actually solve a more general problem, called the L-domination problem, which also includes the total domination as a special case.
The concept of domination can be used to model many location problems in operations research. In a graph G=(V; E); a dominating set is a subset D of V such that every vertex in V − D is adjacent to at least one vertex in D. A dominating set D is independent, connected, total if the subgraph G [D] induced by D has no edges, is connected, and has no isolated vertices. The domination problem is one of ÿnding a minimum-sized dominating set of a given graph. The independent (connected, total) domination problem is one of ÿnding a minimum-sized independent (connected, total) dominating set of a given graph. The domination problem and its variants have been extensively studied in the literature. For more information, readers are referred to [4,9 -11] .
It is well-known that the decision version of the domination problem and many of its variants are NP-complete for general graphs. Polynomial-time algorithms exist for the connected domination problem [6] , the weighted connected domination problem [19] , the connected r-domination problem [2] , the domination clique problem [7] , and the weighted k-domination and the weighted k-dominating clique problems [20] in distance-hereditary graphs. The main purpose of this paper is to solve the domination problem for distance-hereditary graphs in linear time. We employ a labeling method which is powerful and widely used in many domination problems, see [3, 5, 12, 14, 15, 17, 18] . Our labeling method is mainly for the domination problem although the total domination is a by product. This coincides with the result by Kratsch and Stewart [13] that total domination can be reduced to domination for graph classes closed under adding false twins. We note that Nicolai and Szymczak [16] independently gave a linear-time algorithm for the domination problem in distance-hereditary graphs. Their method in fact solves the r-domination problem on homogeneous graphs, a supper class of distance-hereditary graphs, in O(|V ||E|) time.
In Section 2, we deÿne notation and introduce a characterization of distance-hereditary graphs that is useful in our algorithm. In Section 3, we introduce a more general concept, L-domination, which includes domination and total domination as special cases. Section 4 gives reduction lemmas from which a linear-time algorithm for the L-domination problem in distance-hereditary graphs is established. Concluding remarks are made in Section 5.
Preliminaries
Suppose G = (V; E) is a graph. For any vertex v ∈ V; the neighborhood of v is A one-vertex-extension ordering of a distance-hereditary graph can be generated in O(n + m) time, where n is the number of vertices and m is the number of edges (see [8] ). In the following section, we assume a one-vertex-extension ordering of a given distance-hereditary graph has been constructed. 
L-domination and basic assumptions
In order to solve the domination problem for distance-hereditary graphs, we use a labeling method to design an algorithm in which a one-vertex-extension ordering is used. At each iteration, the algorithm decides if a vertex v i is to be included in a minimum solution according to its label. It then deletes v i and updates the label of its twin or its unique neighbor. During the iterations, some information of deleted vertices are still kept in the remaining graph. For this purpose, we introduce the following general concept called L-domination.
Suppose G = (V; E) is a graph whose vertex set V is a subset of a ground set V which is a supper set of
has a neighbor in D; ; : : : ; etc. When V = V and each vertex has a regular label {{0; 1}} (respectively, {{1}}), each vertex either is in D or has a neighbor in D (respectively, has a neighbor in D) and so L-domination is just the usual domination (respectively, total domination). The L-domination number
When L(v) is a regular (conditional) label, L is (is not) the same as S(v) and so is (is not) considered as a set. In this paper, we always use "A ∈ L(v)" as an abbreviation for "L(v) is a regular label and
Proof. The lemma follows from the fact that (LD) holds for A ∈ S(v) implies that (LD) holds for B ∈ S(v).
By Lemma 3, we only need consider ∅; {{0}}; {{1}}; {{0; 1}}; {{0}; {1}} for S(v).
Lemma 4. Suppose vertex v has a conditional label S(v)
The lemma then follows.
According to Lemma 4, the only possible conditional labels are {{1}} * p(v) with N (v) = ∅ and {{0}; {1}} * p(v). We shall assume that originally the graph has no isolated vertex and so has no conditional label {{1}} * p(v). Our lemmas in this paper will ensure that there is no {{1}} * p(v) to be created. Hence we in fact assume that the only conditional label is {{0}; {1}} * p(v). Thus, for each vertex v; we may assume that L(v) is one of the following : ∅; {{0}}; {{1}}; {{0; 1}}; {{0}; {1}}; and {{0}; {1}} * p(v):
The algorithm
Now, we are ready to develop reduction lemmas as the basis of the algorithm for the L-domination problem in distance-hereditary graphs. Lemmas 5 -11 are also valid for a general graph G.
(v) − {A}/S(v) ∪ {A}.
After adding A to S(v); by Lemma 3, we can then delete any proper superset B of A from S(v) ∪ {A}. Note that when A is added to a conditional label {{0}; {1}} * p(x); the resulting label is always the regular label {{0}; {1}}.
Lemma 6.
Suppose xy is an edge and x has a regular label
The lemma then follows. 
The lemma then follows. Lemma 9. Suppose x is a leaf adjacent to y. In any case, L (G)6 L (G). (2) of the lemma then follows.
Conversely, suppose D is an L-dominating set of G. There are three possible cases: 
obtained from L by deleting {1} and {0; 1} from L(x) and adding {1} to L(y);
. Since x and y are false twins, if either x ∈ D or y ∈ D, then we can interchange the roles of x and y to say that G − x has an L-dominating set D of size |D | = |D| − 1. So, we may assume x ∈ D and y ∈ D. In this case,
and so L(x) = {{0; 1}} and x ∈ D. Similarly, L(y)={{0; 1}} or {{0}} or {{0}; {1}} or {{0}; {1}} * p(y), and so
In any case, L (G)6 L (G) (2) of the lemma then follows.
Lemma 11. Suppose x and y are true twins such that
Consider the following three cases. In any case,
. (4) of the lemma then follows.
Based on these lemmas, we present the following algorithm for the L-domination problem in distance-hereditary graphs.
Algorithm LD-dh. Find the L-domination number of a distance-hereditary graph. Input. A distance-hereditary graph G = (V; E) with label L(v) for all v ∈ V and a one-vertex-extension ordering v 1 ; v 2 ; : : : ; v n . Output. L (G).
Method.
← 0; = * as a short notation for L (G) * = update labels according to Lemmas 3 and 4;
if {1} ∈ L(x) then STOP since there is no feasible solution else ← + 1; Case 2. x is a leaf adjacent to y in G i . 
Concluding remarks
The weighted connected domination problem is solvable in linear time for distancehereditary graphs [19] . In this paper, we give a linear-time algorithm for the domination and the total domination problems in distance-hereditary graphs. On the other hand, the time complexity of the independent domination problem in distance-hereditary graphs is still unknown. It is desirable study the time complexity of the independent domination, the weighted domination, and the weighted total domination problems in distance-hereditary graphs.
